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Supervised Learning

— Bayes Classifiers —




Density-Based Classifiers

You want to predict output Y which has arity ny and values vy, v, ..., vy, .
® Assume there are m input attributes called X, X2,...,X,,
® Break the dataset into ny smaller datasets called DSy, DSs, ..., DS,

®* Define DS; = Records in whichY = v;

®* For each DS, learn the Density Estimator M; to model the input
distribution among the Y = v; records

o M; estimates P(X1, Xo, ..., Xn|Y = v;)

|
Lecture Notes on Machine Learning — p.3/30



Density-Based Classifiers

You want to predict output Y which has arity ny and values vy, v, ..., vy, .
® Assume there are m input attributes called X, X2,...,X,,
® Break the dataset into ny smaller datasets called DSy, DSs, ..., DS,

®* Define DS; = Records in whichY = v;

®* For each DS, learn the Density Estimator M; to model the input
distribution among the Y = v; records

o M; estimates P(X1, Xo, ..., Xn|Y = v;)

ldea 1:

When you get a new set of input values (X1 = uq, Xo = ua, ..., Xy = )
predict the value of Y that makes P(X1, X, ..., X,,|Y = v;) most likely

A

Y = argmaxP(Xl,Xg, o | E= 1105
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Density-Based Classifiers

You want to predict output Y which has arity ny and values vy, v, ..., vy, .
® Assume there are m input attributes called X, X2,...,X,,
® Break the dataset into ny smaller datasets called DSy, DSs, ..., DS,

®* Define DS; = Records in whichY = v;

®* For each DS, learn the Density Estimator M; to model the input
distribution among the Y = v; records

o M; estimates P(X1, Xo, ..., Xn|Y = v;)

ldea 1:
When you get a new set of input values (X1 = uq, Xo = ua, ..., Xy = )
predict the value of Y that makes P(X1, X, ..., X,,|Y = v;) most likely

A

Y = argmaxP(Xl,Xg, o | E= 1105

Is this a good idea?

|
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Density-Based Classifiers

You want to predict output Y which has arity ny and values vy, v, ..., vy, .
® Assume there are m input attributes called X, X2,...,X,,
® Break the dataset into ny smaller datasets called DSy, DSs, ..., DS,

®* Define DS; = Records in whichY = v;

®* For each DS, learn the Density Estimator M; to model the input
distribution among the Y = v; records

o M; estimates P(X1, Xo, ..., Xn|Y = v;)

|dea 2:

When you get a new set of input values (X1 = uq, Xo = ua, ..., Xy = )
predict the value of Y that makes P(Y = v;| X1, Xs, ..., X,,) most likely

A

Y = argmax P(Y = v;| X1, Xa,..., Xnm)

(2
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Terminology

According to the probability we want to maximize
® MLE (Maximum Likelihood Estimator):

A

Y = argmaxP(Xl,Xz, X =)

* MAP (Maximum A-Posteriori Estimator):

Y = argmax P(Y = v;| X1, Xo,..., X;)

(%}
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Terminology

According to the probability we want to maximize
® MLE (Maximum Likelihood Estimator):

A

Y = argmaxP(Xl,Xz, X =)

* MAP (Maximum A-Posteriori Estimator):

Y = argmax P(Y = v;| X1, Xo,..., X;)

(%}

We can compute the second by applying the Bayes Theorem:

P(X1,Xo,..., XY =v)P(Y = v;)
P(X1,Xo,..., X))
P(X1,Xo,....Xp|Y =v) P(Y =v;)
Z;Zo P(X1,X2,...,Xn|Y =v;)P(Y =v;)

P(Y:’Ui|X1,X2,...,Xm) =
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Bayes Classifiers

Using the MAP estimation, we get the Bayes Classifier:
® Learn the distribution over inputs for each value Y
© This gives P(X1, Xo, ..., XY = v;)
® Estimate P(Y = v;) as fraction of records with Y = v,
® For a new prediction:

Y = argmaxP(Y = v X1, Xo,..., Xp)

Vs

= argmaxp(XlaX% e 7Xm|Y — Uz‘)P(Y - Ui)

|
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Bayes Classifiers

Using the MAP estimation, we get the Bayes Classifier:
® Learn the distribution over inputs for each value Y
© This gives P(X1, Xo, ..., XY = v;)
® Estimate P(Y = v;) as fraction of records with Y = v,
® For a new prediction:

Y = argmaxP(Y = v X1, Xo,..., Xp)

Vs

= argmaxp(XlaXm e 7Xm|Y — Uz‘)P(Y - Ui)

You can plug any density estimator to get your flavor of Bayes Classifier:
® Joint Density Estimator
®* Naive Density Estimator

|
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Joint Density Bayes Classifier

In the case of the Joint Density Bayes Classifier

A

Y = argmaXP(Xl,XQ, oo ,Xm|Y — Uz)P(Y — ’Ui)

This degenerates to a very simple rule:

Y = the most common value of Y among records in which
X1 =u1,Xo=1Ug,...,X;m = Up

|
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Joint Density Bayes Classifier

In the case of the Joint Density Bayes Classifier

A

Y = argmaXP(Xl,XQ, oo ,Xm’Y — Uz)P(Y — ’Ui)

This degenerates to a very simple rule:

Y = the most common value of Y among records in which
X1 =u1,Xo=1Ug,...,X;m = Up

Note: if no records have the exact set of inputs
Xl — ’LL1,X2 — u27"'7Xm = Um,
then P(X1, Xo,..., X,,|Y = v;) = 0 for all values of Y.

In that case we just have to guess Y'’'s value!

|
Lecture Notes on Machine Learning — p.6/30



Naive Bayes Classifier

In the case of the Naive Bayes Classifier

A

Y = argmaXP(Xl,XQ, oo ,Xm|Y — Uz)P(Y — ’Ui)

Can be simplified in:

Y = argmax P(Y = v;) H P(X; = u;|Y =v;)

Vs

|
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Naive Bayes Classifier

In the case of the Naive Bayes Classifier

A

Y = argmaXP(Xl,XQ, oo ,Xm’Y — Uz)P(Y — ’Ui)

Can be simplified in:

Y = argmax P(Y = v;) H P(X; = u;|Y =v;)

Vs

Technical Hint:
If we have 10,000 input attributes the product will underflow in floating
point math, so we should use logs:

Y = arg max | log P(Y = v;) + Z log P(X; = u;|Y = v;)

(%

|
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Bayes Classifiers Summary

We have seen two class of Bayes Classifiers, but we still have to talk about:
® Many other density estimators can be slotted in
® Density estimation can be performed with real-valued inputs
® Bayes Classifiers can be built with both real-valued and discrete input

We'll see that soon!

|
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Bayes Classifiers Summary

We have seen two class of Bayes Classifiers, but we still have to talk about:
® Many other density estimators can be slotted in
® Density estimation can be performed with real-valued inputs
® Bayes Classifiers can be built with both real-valued and discrete input

We'll see that soon!

A couple of Notes on Bayes Classifiers

1. Bayes Classifiers don't try to be maximally discriminative, they merely
try to honestly model what’s going on.

2. Zero probabilities are painful for Joint and Naive. We can use
“Dirichlet Prior” to regularize them.

Not sure we’ll see that in this class.

|
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Probability for Dataminers
— Probability Densities —




Dealing with Real-Valued Attributes

Real-valued attributes occur, at least, in the 50% of database records:
® Can't always quantize them
® Need to describe where they come from
® Reason about reasonable values and ranges
® Find correlations in multiple attributes

|
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Dealing with Real-Valued Attributes

Real-valued attributes occur, at least, in the 50% of database records:
® Can't always quantize them
® Need to describe where they come from
® Reason about reasonable values and ranges
® Find correlations in multiple attributes

Why should we care about probability densities for real-valued variables?
®* We can directly use Bayes Classifiers also with real-valued data
® They are the basis for linear and non-linear regression

* We’'ll need them for:
© Kernel Methods
© Clustering with Mixture Models
© Analysis of Variance

|
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|
Probability Density Function
4 Probability 4 Probability
el S 030 =T o
f Age | Prob.
025 1~ | 5= f 1Y sy
. 4 0-1 | 0.20
T — aon ki By 1-2 0.28
. _ 2-3 | 0.20
o154 | ousisf L INs 3-4 | 0.15
o / 4-5 0.10
.. 2 T 5-6 | 0.05
e T 6-7 | 0.02
0,05 __,:. E ’ Ah e & O34 0B o
. e XA X = Age
T 1 2 3 a4 5 6 7 > 1 2 3 4 5 6 7 >
The Probability Density Function p(x) for a continuous random variable X
IS defined as:
Plx —h/2< X <xz+ h/2) 0
x) = lim — > p(r) = —P(X <
p(e) = lim ) p(@) = 5 P(X <o)
|
|
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Properties of the Probability Density Function

A Probability 4 Probability

B 030 —+
Age Prob.

023 T & Q025 —
0-1 0.20
oo0 - 090 - 1-2 0.28
2-3 0.20
015 - 015 3-4 0.15
4-5 0.10
A 010 — 5-6 0.05
el T 6-7 | 0.02

005 4 005 _
g 5 6 7 - ]

We can derive some properties of the Probability Density Function p(z):

® Pla< X <b) = ffzap(x)dx
° [~ __plx)dz=1

®* Vr: p(x)>0

|
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Expectation of X

030 — 030 —F .o

. K SR Age | Prob.
025 -1 f':::: Q25 = [k -

.....

.20

L0 ek : o M i . 1-2 0.28
G I 2-3 0.20
F e
6154+ | = i A S 3-4 1 0.15
,,ﬁf.;h_,ﬂ 4-5 0.10
e = PP I A Y 5-6 | 0.05
' . : wood NG 6-7 0.02
.-.-,.t....-.-:: : _"
005 4 E Eae Q05 = L ia b R
LG Foamars s e ¢ = ! 3 . E ™,
. . X = Age E—;ﬁ
1 2y 3 4 3 8 7 - 1 2+ 3 4 5 6 7

We can compute the Expectation E[x] of p(x):

®* The average value we’d see if we look a very large number of
samples of X

|
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Variance of X

Age Prob.
0-1 0.20
1-2 0.28
2-3 0.20
3-4 0.15
4-5 0.10
5-6 0.05
6-7 0.02

4 Probability A4 Probability
%€ T gmgagel 00T g age]
Efit ] ; :
I oasos b 1Y
e M 1 ¥=Hx)
00 T g0 TFEEL Y
e []
Gly = @ i o 0.15 P
R R -:.- .-..E : ,_.-
EEET S ' :
i noo e i SR [ oy
ol F ¢ i T 0.10 ; N
B B '
o i ; ;
005 4 i iaia 005 : R .
G S Rk SEE - 1 :
R -'.- R 1 : 2
L X = Age 5 X = Age
Y1 2v3 4 5 6 7 - 1 2+ 3 4 5 6 7 -

We can compute the Variance Var|x| of p(z):

® The expected squared difference between = and F|x]

Var|z] = /x

oo

=—00

(x — p)? p(z)de = o
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I
Standard Deviation of X
Probability Probability
O3 T moElagel Gt 7 E [Agel
P X Age | Prob.
025 — | | 0.25 5 -
K X 0-1 | 0.20
020 | b oz0 i 1-2 | 0.28
o ZEZ . 2-3 0.20
0.15 v: : G 3-4 0.15
o ' \: 4-5 0.10
. ; . 5-6 | 0.05
010 E ' 6-7 0.02
oos L E 9
. L Zje
i. 1 2« 3 4 5 6 7 >
We can compute the Standard Deviation ST'D|[x| of p(x):
® The expected difference between x and E|z]
STDlx] = +/Varlz] =0
|
1
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Probability Density Functions in 2 Dimensions

Let X, Y be a pair of continuous random variables, and let R be some
region of (X, Y) space:

— < 2 Ply—h/2<Y < 2
p(z.y) = lim Plx—h/2<X<x+h/2) NPly—h/2<Y <y+h/2)
h—0 h?

P(X,Y)€eR) = //(X Y)ERp(x,y) dy dx

/ / p(x,y)dydx =1

You can generalize to m dimensions

P((Xl,XQ,...,Xm) GR):// .../p(iﬁl,ilig,...,$m)d$m ... dxodxy
(X, Y)ER

|
Lecture Notes on Machine Learning — p.16/30



Marginalization, Independence, and Conditioning

It is possible to get the projection of a multivariate density distribution
through Marginalization:

o) = | © sma

=—00

If X and Y are Independent then knowing the value of X does not help
predict the value of Y

X LY iffVa,y: p(z,y) = p(x)p(y)

Defining the Conditional Distribution p(z|y) = %;)/) we can derive:

I
=
&
=
S

Va,y: p(z,y)
Vr,y: plxly) = p(z)
Vo,y: plylz) = py)
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Multivariate Expectation and Covariance

We can define Expectation also for multivariate distributions:

ux = E[X]| = /Xp(x)dx

Let X = (X1, Xo,..., X,,) be a vector of m continuous random variables
we define Covariance:

S = Cov[X] = E[(X — ux)(X — pux)7T]

Sij = CO’U[Xi,Xj] = Uz’j
® Sis ak x k symmetric non-negative definite matrix

* |f all distributions are linearly independent it is positive definite
® |f the distributions are linearly dependent it has determinant zero

|
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Probability for Dataminers
— Gausslan Distribution —




Gaussian Distribution Intro

We are going to review a very common piece of Statistics:

®* We need them to understand Bayes Optimal Classifiers
®* We need them to understand regression

® We need them to understand neural nets

® We need them to understand mixture models
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Gaussian Distribution Intro

We are going to review a very common piece of Statistics:

®* We need them to understand Bayes Optimal Classifiers
® We need them to understand regression

®* We need them to understand neural nets

®* We need them to understand mixture models

Just recall before starting: the larger the entropy of a distribution . ..
® ...the harder it is to predict
® ...the harder it is to compress it
® ...the less spiky the distribution

|
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The “Box” Distribution

1/w

-w/2 0 w/2

For this particular case of Uniform Distribution we have:

2

EX] = 0 and Var|X]| = =

HX| = —/ p(x) logp(a:)dx:—/ — log — dx =
_ _w/zw w

1. 1 [w/?
== ——log—/ dxr = logw
w w —w/2

|
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The “Hat” Distribution

A
1/w
wolzl i g < w
p(x)—{ 0 if |x| > w
>
-W 0 w
For this distribution we have:
w2
EX] = 0 and Var|X]= =
HX| = —/ p(x) logp(x)dr = ...

|
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The “Two Spikes” Distribution

E[X] = 0 and Var(X]=1

— /OO p(z) logp(z) dz = —o0

— OO

[
s
|

|
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The Gaussian Distribution

A
1 _ (z—p)?
xr) = e 202
p( ) — /\
: -
-4 -2 0 2 4
For this distribution we have:
E[X] = p and Var[X]=o"
HX| = —/ p(x) logp(x)dr = ...

|
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“Why Should We Care About Gaussian Distribution?”

1. Largest possible entropy of any unit-variance distribution
® “Box” Distribution: H(X) = 1.242
® “Hat” Distribution: H(X) = 1.396
® “Two Spikes” Distribution: H(X) = —c0
® “Gauss” Distribution: H(X) = 1.4189

|
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“Why Should We Care About Gaussian Distribution?”

1. Largest possible entropy of any unit-variance distribution
® “Box” Distribution: H(X) = 1.242
® “Hat” Distribution: H(X) = 1.396
® “Two Spikes” Distribution: H(X) = —c0
® “Gauss” Distribution: H(X) = 1.4189

2. The Central Limit Theorem
° If (X1, Xs,...,Xy) are i.i.d. continuous random variables

* Define z = f(x1,22,...,xN) = %22;1 T
®* As N — oo we obtain:

p(z) ~ N(Mz,(f?)
u, = E[X;], o2 = Var[Xi))

Somewhat of a justification for assuming Gaussian noise!

|
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Multivariate Gaussians

We can define gaussian distributions also in higher dimensions:

(N (m\ (R o o
X — X9 . U2 g _ 0.21 0% 02.7”
\Xm) \Mm) KO'ml Om2 " 0-7271 )

Thus obtaining that X ~ N(x,S)

1 1 Ta—1
p) = s o (50— TS k= )

|
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Gaussians: General Case

/21\

\ i /

A

X,




Gaussians: Axis Alligned

() (7

o/ w

A




Gaussians: Axis Spherical

/Zl\

\ i /

A
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